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In this paper we describe how to implement symmetries on a canonical noncommutative 
spacetime. We focus on noncommutative Lorentz transformations. We then discuss the struc- 
ture of the light cone on a canonical noncommutative spacetime and show that field theories 
formulated on these spaces do not violate mircocausality. 



A natural way to implement the notion of minimal length^ in gauge theories and gravita- 
tional theories is to formulate these models on a noncommutative spacetime. The aim of this 
paper is to reconsider the bounds on spacetime noncommutativity. We shall be dealing with 
the simplest example one can think of, the canonical noncommutative spacetime. The history 
of spacetime noncommutativity is not new and was first discussed by Snyder™ in the early days 
of quantum field theory at a time where these theories were still plagued by infinities. The 
motivation to consider spacetime noncommutativity was that introducing a cutoff could help to 
deal with infinities. Nowadays we know that the quantum field theories relevant for the elec- 
troweak and strong interactions are renormalizable and thus cutoff independent, but modifying 
spacetime at short distance might help for quantum gravity, whatever this theory might be. 

It is also well-known that non-commuting coordinates are relevant to nature, as soon as 
one restricts a system to the first Landau level. A textbook example is an electron in a strong 
magnetic field. Another motivation comes from the fact that non-commuting coordinates nat- 
urally appear in string theory^, although in that case the situation is quite different, since in 
string theory, the fundamental spacetime is really commutative, only the low energy effective 
field theory on the brane is described in terms of non-commuting coordinates. 



From our point of view spacetime noncommutativity is an extension of quantum mechanics. 
We extend the Heisenberg algebra with the noncommutative algebra 



[x fi ,x v ]=i9 t "' 



(1) 



where Q^ v is an antisymmetric constant tensor and jx, v run from to 3. This tensor has mass 
dimension minus two. 

The main difficulty in formulating gauges theories and gravity on a canonical noncommuta- 
tive spacetime is to understand how to implement symmetries. In order to have SU(N) gauge 
symmetries and arbitrary representatio ns for the fields, one needs to consider gauge transforma- 
tions and fields in the enveloping algebra^EEEEl One can then map the noncommutative action 
to an effective action formulated on a commutative spacetime. The dimension four operators are 
those of a regular Yang- Mills theory and the special nature of spacetime is encoded in the higher 
dimensions operators. This effective action can be calculated to any order in the tensor Q^ v . 
Recently the second order expansion has been performed^. It has b een pointed out that these 
actions are invariant under noncommutative Lorentz transformations^^ which also preserve the 
algebra (^Q). Similar techniques hav e been applied to formulate Einstein's theory of gravitation 
on a noncommutative spacetime^^. This lea ds t o a relation between the cosmological constant 
and the scale of spacetime noncommutativity^^. 

There are different type of bounds on the noncommutative nature of spacetime which turn 
out to be fairly weak when the enveloping algebra approach is used. It is important to differen- 
tiate between bounds on new interactions allowed if spacetime is noncommutative, like e.g. new 
interactions between the known gauge bosons and bounds on Lorentz invariance. The algebra 
(|T|) breaks Lorentz symmetry explicitly since 6^ u is constant and Lorentz invariance is clearly 
not a symmetry of the action. On the other hand as shown in re noncommutative actions 
are invariant under noncommutative Lorentz transformations. When performing a theoretical 
calculation e.g. in the case of an atomic clock, one should use a noncommutative Lorentz trans- 
formation to go from one coordinate system to another. This implies that the bounds obtained 
using a regular Lorentz transformation will be affected. It is thus best not to have to rely on a 
coordinate transformation to test the noncommutative nature of spacetime but rather to search 
directly for new vertices that would be a clear signal of spacetime noncommutativity. The 
bounds obtained by the OPAL collaboration for the scale of spacetime noncommutativity 
coming from searches for three photons interactions are only of 141 GeV. Bounds coming from 
test of Lorentz violation, which once again should be taken with great care are in the 10 TeV 
range. 

The relevant bounds for the enveloping algebra approach are in the TeV region EH51I51 
The conclusions of ref. where it was shown that the relevant bounds are of the order of a 
TeV have now been strengthen by the proof that t he actions obtained in the enveloping algebra 
approach are renormalizable at least at one loop 17 . It was shown that physical observables 
can be calculated at the quantum level independently of a cutoff. For example the anomalous 
magnetic moment of a fermion has the usual quantum electrodynamics value (more precisely the 
noncommutative contribution is spin independent and will thus not contribute to the anoma- 
lous magnetic moment when measured with classical methods). The value of the /3-function is 
nevertheless an issue: 



where the contribution 22/3 is due to the structure of the gauge interaction which is similar 
to that of the nonabelian SU(2) Yang-Mills theory and the factor 4/3 is due to the fermion 
field ip which is in the enveloping algebra. We see that the value of the /3-function does not 
match that of quantum electrodynamics on a commutative spacetime. It is however possible 




(2) 



to assume that the noncommutative p ara meter 9^ v is not a simple constant but is spacetime 
or energy dependent as studied in ref. The assumption that 9^ is scale dependent is not 
that far-fetched, indeed if it is the expectation value of a background field, as e.g. in the string 
theory picturel^, one would expect a scale dependence of the renormalized expectation value. 
It thus remains important to search for modifications of the gauge bosons sector due space- 

on 01 no 

time noncommutativity at the LHC or future linear colliders 1 ^ 1 ^ or in other low energy 
19^1941 

experiments 1 l as these bounds are independent of a cutoff and thus very clean. 

One of the main motivations to consider gauge theories or gravity on a noncommutative 
spacetime is that it introduces a fundamental length in these theories. If this length is a physical 
observable it should not depend on the observer and thus coordinate transformations should leave 
invariant the noncommutat ive algebra. We now study further the noncommutative Lorentz 
symmetry introduced in ref.^l 

Let us consider the noncommutative algebra once again: 

[x»,x v ] = ie^ (3) 
where fx, v run from to 3. Furthermore one has the Heisenberg algebra: 

\x», V v \ = iTnf v (4) 
(we have introduced a noncommutative relation for time and energy") and 

[pVHO. (5) 
It is easy to see that one can introduce a new operator x£ defined by 

x c= £fl + h 9 ^^ (6) 

which leads to the following algebras: 

[a£, <] = 0, K,p u ] = %hrf v and \f \ = 0, (7) 
i.e. x% are commuting coordinates. Given the algebras ( |7| ). we can define transformations 

< = K*c (8) 

that leave the interval s 2 = r\ iiv x i ^x v c invariant if r] llu hl J ' a K v g = r) a p. Note that transforms as 
an usual Lorentz vector, i.e. 

r = AW- (9) 
One thus finds that the transformation (|5Jl. implies that transforms as 

xf = A^x v + ^A^P Pp -^Af Pp (10) 

which defines the noncommutative Lorentz transformation. The square of the invariant length 
for the commutative coordinate x^ is 

s 2 = v»»xZx». (11) 

Using the variable transformation , one finds that the square of the noncommutative invariant 
length is given by 

s 2 nc = x% + ifl^xV + (12) 



1 another option is to set 9 0t = as done in ref. 
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It is easy to verify that s^ c is left invariant by the noncommutative Lorentz transformation 
pOjl. This is the way we define the noncommutative Lorentz transformations, those are the 
transformations that leave s\ c invariant. Note that the Lie algebra of the Lorentz group is 
not deformed b . It is easy to verify that this symmetry is a symmetry of the actions discussed 
previously in the literature whether using the Lie algebra approach (see e.g. ref. "*J) or the 
enveloping algebra approach^. 

Derivatives have to be defined in such a way, that they do not lead to new relations for the 
coordinates. In the canonical case, it is easy to show that x a — iO ap d p with d p x p = 5 P + x p d p 

commutes with all coordinates"'. One thus finds 6 up d p f = —i[x u ,f]. In our case we need 
a derivative which is compatible with the noncommutative Lorentz symmetry. We define the 
derivative in the following way: 

ie^f = 2[xp + ^ aP a J] (13) 

with [p^, /] = —ihd^f. Note that the left hand side of the equation is covariant. One finds that 
the derivative d u transforms as 

6 au d' u = A a ^ p d p (14) 

under a noncommutative Lorentz transformation. 

The noncommutative Lorentz transformation is compatible with gauge transformations. 
Remember that one has to introduce a covariant coordinate such that 5^(X p ^(x)) = 

AJ' t $(£) where A is a noncommutative gauge transformation. One finds that X p = x p + B^ 
with StB^ = i[A,B p ] — i[x M ,A]. The Yang-Mills gauge potential A p is related to the gauge 
potential for the coordinate B p by the relation B p = 9^ v ' A v and the covariant derivative D^ 1 is 
given by 6 vp D p = —iX v . The coordinate gauge potential B p transforms as B'(x') = A^B u (x), 
one thus finds that the noncommutative Yang-Mills potential transforms as 

e^A'^x' ) = A%e^A a (x). (15) 

The noncommutative covariant derivative transforms as 



Q PP D\ L = A p J aa D a (16) 

under a noncommutative Lorentz transformation. The field strength F pv is given by F pu = 
i[D p ,D u ], it transforms as 

e pp 9 KU F'^{x') = A p J aa A K ^F af3 (x) (17) 

under a noncommutative Lorentz transformation. The noncommutative spinor field ^> trans- 
forms as 

= exp L-lvffiS^ (18) 

with S^ v = | [7^, 7^]. Note that if the fields are taken in the enveloping algebra, the leading 
order field of the Seiberg-Witten expansion, i.e. the classical field, also transforms according to 
(HH), 03) and (dU). 



b it should be stressed t hat this symmetry is not a deformed symmetry. Deformed symmetries correspond to 
explicit symmetry breaking!^ and are thus not physical symmetries. 



Given ||T5)| , lfT7|) and (fTH|) is it easy to verify that the effective action obtained in the leading 
order in 9 after the expansion of the noncommutative fields via the Seiberg-Witten map and of 
the star product: 



S = I d 4 x 



4>{iip - m)V - \ 0^i>F^(i p-m)^-\ e^^ p F m %D v i> (19) 



1 Tr F au F^ + - 9 pu Tr F uv F oa F pa - 9 pv Tr F ao F ua F f " J 



2 

' + 0(9 2 



2 iiv* 4 pv p pp 

is invariant under noncommutative Lorentz transformations. 

We now have all the required tools to study the light cone of a photon described by QED for- 
mulated on a noncommutative spacetime which is invariant under the noncommutative Lorentz 
invariance. The light cone is defined by setting the invariant length defined in ()12|) equal to 
zero, i.e. s 2 nc = 0. We find 

= (x p + ±-e pp p p )(x^ + ^r^W 7 ) = + \hv^V v + (20) 

which is not = x^x^, which would have been expected if one had tried to impl eme nt Lorentz 
invariant in the usual way. We can now reconsider the result obtained in ref. where the 
commutator between : <p(x) * (p(x) : and : 4>(y) ★ 4>(y) : has been calculated. The author of 

ref. finds that this commutator is given by 

£ S^-y^- s 9(p 2 + t P ' 2 ))S(x 2 -y 2 -s0(p 1 + t P ' 1 ))S( X 3 -y 3 ), (21) 

s=±l,t=±l 

and concludes that microcausality is violated, which would be the case if the light-cone was 
defined as x^x^ = 0. However, we see that this result corresponds precisely to the light cone 
defined in (|2Uj) and we thus argue that the theory is not violating microcausality. We want 
to had a remark concerning the unitarity issue of noncommutative gaug e th eories. It is well 
known that in the Lie algebra approach, unitarity is violated if 9 0i ^ q12ZI Du t [ n the case 
of the enveloping algebra approach (approach we used in deriving the standard model on a 
noncommutative spacetime^ 1 ) we have to deal with an effective field theory and it is not trivial 
to discuss unitarity in that framework. Indeed, let us imagine that unitarity is violated at an 
energy scale A nc , but this is the scale where higher order operators suppressed by powers of A nc 
become relevant. It is thus not clear that there is a problem with unitarity within the enveloping 
algebra approach and we thus do not set 9 0t = 0. 

In this paper we have shown that gauge theories formulated on noncommutative spaces obey 
microcausality when the light-cone is defined in accordance with the noncommutative Lorentz 
invariance which is the exact spacetime symmetry of these models. Furthermore the bounds on 
the noncommutative scale are only of the order of a TeV. The enveloping algebra approach is 
thus in a very good shape. 
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